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Abstract
We study the Hybrid Natural Inflation (HNI) model and some of its realisations in the light of
recent CMB observations, mainly Planck temperature and WMAP-9 polarization, and compare with
the recent release of BICEP2 dataset. The inflationary sector of HNI is essentially given by the potential
V (φ) = V0
(
1 + a cos
(
φ
f
))
, where a is a positive constant smaller or equal to one and f is the scale of
(pseudo Nambu-Goldstone) symmetry breaking. We show that to describe the HNI model realisations
we only need two observables; the spectral index ns, the tensor-to-scalar ratio, and a free parameter in
the amplitude of the cosine function a. We find that in order to make the HNI model compatible with
the BICEP2 observations, we require a large positive running of the spectra. We find that this could
over-produce primordial black holes (PBHs) in the most theoretically consistent case of the model. This
situation could be alleviated if, as recently argued, the BICEP2 data do not correspond to primordial
gravitational waves.
1 Introduction
Cosmological inflation [1, 2, 3, 4] not only explains the homogeneity of the universe on very large scales,
but provides a theory for the seeds of structure, explaining the observed level of anisotropy. Typical slow-
roll models generically predict Gaussian, adiabatic and nearly scale-invariant primordial fluctuations, but
it is ultimately observations of the galaxy distribution and the microwave background anisotropies which
determine the shape of the primordial spectra. The simplest assumption is that the initial spectrum has
a power-law form, parameterised in terms of the spectral amplitude Ai and the spectral indices ni, where
the i refers to scalar or tensor components. Recent analyses have shown, however, that the spectral index
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may deviate from a constant value (close to unity) and so consideration of models that provide some
running of the index is warranted [5, 6].
The inflationary sector of the models explored in this paper is given by the potential
V (φ) = V0
(
1 + a cos
(
φ
f
))
, (1)
where a is a positive constant less or equal to one and f is the scale of (pseudo Nambu-Goldstone)
symmetry breaking. NI was originally proposed to justify the inflationary potential in the context of
high energy physics, where the inflaton is a pseudo Nambu-Goldstone boson resulting from symmetry
breaking [7, 8, 9]. However, as we also show in this paper, when tested against observations, f lies above
the Planck scale. This is usually attributed to the fact that the same inflaton must end inflation after at
least 50 e-folds of expansion.
To overcome this possible weakness in the NI model, other, more complete and equally well motivated
models have been formulated. In particular, the Hybrid Natural Inflation (HNI) model was first presented
in [10, 11]. The model is an improvement over NI in that a waterfall-like auxiliary field [12] is considered
to end inflation thus allowing the scale f to get Planckian or sub-Planckian values. It is thus imperative
to constrain the parameter space of the model with the observations at hand. In this paper we derive
constraints for the parameters of the HNI model when subject to the latest CMB observations. We do
this for two cases: one with no priors on the model parameters, and a second case where the symmetry
breaking scale f takes the Planck value.
In an effort to restore realistic values of the symmetry breaking parameter f , we relieve the inflaton
in NI from the requirement of ending inflation, and endow the model with a second, waterfall scalar
field, responsible of the end of inflation (see [10] for the details). In fact, if we set the parameter a = 1
in Eq. (1), we recover a hybrid version of Natural Inflation(NI), we call this scenario Waterfall Natu-
ral Inflation(WNI). With the constraints imposed by observations at hand, we explore the theoretical
and phenomenological differences between WNI and HNI. Throughout this paper we carry two parallel
analyses. A first analysis only taking the Planck data on account, with the WMAP polarisation data
[14], and a second analysis taking the BICEP2 polarisation data as a product of primordial gravitational
waves, as reported in the collaboration paper [15]. Alternative interpretations of these results, attributing
the polarisation signal to foreground dust are still to be confirmed by the Planck satellite and hence the
motivation to contrast both datasets studied here.
Our presentation is organized as follows: in Section 2 we present both models of inflation, HNI
and WNI, identifying the inflationary stage and the form of their spectral parameters. In Section 3 we
present likelihood contours of parameter values, in light of the latest Planck data release [13] and WMAP
polarization maps (WP) [14], hereafter Planck+WP; and separately for the combination of Planck+WP
and the results of the BICEP2 experiment [15] (here Pl+ WP+BICEP2. We do this for three different
cases: The general HNI model with no priors on the pair of parameters {a, f}, the case a = 1 corresponding
to WNI, and finally the case with no prior over a but with the symmetry breaking scale f restricted to
the largest physical value f = 1, in Planck units. In Section 4 we analyse the featured results identifying
pathological cases where either the scale f acquires unphysically large values, or where the running could
over-produce primordial black holes, as is the case for other models of inflation where the potential
slope flattens toward the end of inflation [16, 17]. Finally, in Section 5 we conclude by discussing the
observational and theoretical constraints to the featured models.
2
2 Slow-roll parameters and observables
2.1 Slow-roll parameterisation of spectra
In slow-roll inflation, the spectral indices are given in terms of the slow-roll parameters of the models,
which involve the potential V (φ) and its derivatives (see e.g. [18], [19])
 ≡ M
2
2
(
V ′
V
)2
, η ≡M2V
′′
V
, ξ2 ≡M4V
′V ′′′
V 2
, ξ3 ≡M6V
′2V ′′′′
V 3
. (2)
Here primes denote derivatives with respect to the inflaton φ and M is the reduced Planck mass M =
2.44× 1018 GeV which we set M = 1 in most of what follows. In the slow-roll approximation observables
are given by (see e.g. [13],[19])
nt = −2 = −r
8
, (3)
ns = 1 + 2η − 6, (4)
ntk =
dnt
d ln k
= 4 (η − 2) , (5)
nsk =
dns
d ln k
= 16η − 242 − 2ξ2, (6)
nskk =
d2ns
d ln k2
= −1923 + 1922η − 32η2 − 24ξ2 + 2ηξ2 + 2ξ3, (7)
As(k) =
1
24pi2
Λ4
H
, (8)
where ntk denotes the running of the tensor index, nsk the running of the scalar index and nskk the running
of the running, in a self-explanatory notation. The density perturbation at wave number k is As(k), the
scale of inflation is Λ with Λ ≡ V 1/4H and r ≡ At/As the ratio of tensor to scalar perturbations. All the
quantities with a subindex H are evaluated at the scale φH , at which the perturbations are produced,
some 50− 60 e-folds before the end of inflation. In particular the pivot scale is set to kH = 0.002 Mpc−1
[13]. The limited number of slow-roll parameters in Eq. (2) yields consistency relations between inflation
observables, e.g.,
nt = −r
8
, (9)
ntk =
r
64
(r − 8δns) , (10)
where we simplify by defining δns ≡ 1− ns.
It is a well established convention to assume a parameterised form for the spectra of scalar and ten-
sor perturbations, and the simplest shape is that of a power-law, parameterised in terms of the spectral
amplitude Ai and the spectral indices ni, where the subindex i refers to either scalar (s) or tensor (t) com-
ponents. Slow-roll inflation predicts the spectrum of curvature perturbations to be close to scale-invariant.
Based on this result, the primordial power spectra Pi, scalar and tensor, are commonly expressed as:
Ps(k) = As
(
k
kH
)(ns−1)
, (11)
Pt(k) = At
(
k
kH
)nt
= rAs
(
k
kH
)nt
. (12)
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The vast amount of data at hand allows cosmologists to consider a more accurate description of the power
spectra [20]. This improvement is parameterised by including the running, and even the running of the
running of scalar perturbations [21]. In this case, the expressions above become, following [13],
Ps(k) = As
(
k
kH
)(ns−1)+ 12nsk ln( kkH )+ 16nskk(ln( kkH ))2
, (13)
Pt(k) = At
(
k
kH
)nt+ 12ntk ln( kkH )
, (14)
all indices are such that, for example, ns stands ns(kH) implicitly throughout the paper. Thus we may
consider scale dependent indices as,
ns(k)− 1 ≡ dlnPs
d ln k
= ns − 1 + nsk ln
(
k
kH
)
+
1
2
nskk
(
ln
(
k
kH
))2
, (15)
nt(k) ≡ dlnPt
d ln k
= nt + ntk ln
(
k
kH
)
. (16)
Although the power-law spectra of Eqs. (11) and (12) have provided reasonable agreement with cos-
mological observations, recent analyses of Planck data have shown that if a running of the scalar spectral-
index be a free parameter, there exists a preference for a negative running-value at 2σ [13]. On the
other hand, the additional parameters (nsk, nskk) do not only help to describe the underlying model more
accurately on observable scales, but they also allow for additional shapes of the potential at stages of
inflation away from the observable range. In general, we want to avoid positive values of the running as
they may result in an over-production of Primordial Black Holes (PBHs) at the smallest scales, near the
end of inflation [16, 17]. We will address this point for the case of HNI in Sec. 4.
2.2 Framework for Hybrid Natural Inflation
Let us now focus on the inflationary sector of the model given by the potential of Eq. (1). The running
and running of the running of the scalar power spectrum satisfy the following relations [22]
nsk =
r
32
(
3r − 16δns + 8
f2
)
, (17)
nskk =
r
128
(
3r2 +
12
f2
r − 32
(
2δns − 1
f2
)
δns
)
. (18)
From Eq. (4) for the spectral index we obtain an expression for f involving the second parameter of the
model, a:
f =
4a(
r (1− 3a2) + 8a2δns +
√
4a2 (4δns − r)2 + r2 (1− a2)
)1/2 . (19)
It is thus evident that in a slow-roll stage, this model is fully described in terms of the parameter a alone.
The HNI model allows for more flexibility in the potential, since the constraint coming from the number
of e-folds does not fix f . The end of inflation is specified by a waterfall field which plays no role during
inflation. When considering the particular case a = 1 we are reduced to a waterfall version of Natural
Inflation.
In Fig. 1, we plot f and nsk in terms of a, at a fixed ns = 0.96 and for r = 0.05, 0.1, 0.15 values. If
we assume the values of BICEP2 of the order r ∼ 0.15 (red lines), for a = 1 the running tends to be
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Figure 1: Plot of nsk (solid lines) and f (dashed lines) as functions of a, at fixed ns = 0.96 for r = 0.05, 0.1, 0.15 values, and
as dictated by Eqs. (17) and (19) respectively. Notice that for small a the running becomes large; on the other hand when
a approaches unity (black dashed line) the running tends to vanish. In this case results are very similar to just considering
the case nsk = 0. We analyse specific cases in Sec. 3.
very close to zero and f >> 1. On the other hand, if we consider values allowed by Planck (blue lines),
f values decreases to order f ∼ 6. Similarly for f = 1 values (black dashed line), a tends to be order of
a ∼ 0.1 and hence nsk ∼ 0.1 for BICEP2 and nsk ∼ 0.01 for Planck values (see however subsection 3.3,
where we fix f to the value f = 1 and study its consequences).
From Fig. 1 we can identify the corner of parameter space where a theoretically consistent value for
f (≤ 1) is obtained during slow-roll. We go further to constrain the HNI model by employing the most
recent tracers of the CMB. In particular, we use the latest release of Planck dataset [13] which, combined
with the nine-year WMAP polarisation maps [14], allow to constrain the temperature and polarisation
spectra (T, E and B components). Furthermore, we provide a joint-analysis with the BICEP2 data release
[15], interpreting these results as a non-vanishing tensor contributions. To carry out the exploration of
the parameter space, we incorporate the HNI potential into the standard cosmological equations, by
performing the minor modifications to the CAMB code [23]. We use the CAMB runs to explore the
parameter space with the software CosmoMC [24].
Throughout the analysis we consider purely Gaussian adiabatic scalar and tensor perturbations. We
assume a standard ΛCDM model specified by the following parameters: the physical baryon density
Ωbh
2 and CDM density ΩDMh
2, where h is the dimensionless Hubble parameter such that H0 = 100h
kms−1Mpc−1; θ, which is 100× the ratio of the sound horizon to angular diameter distance at last
scattering surface, and the optical depth τ at reionisation.
3 Results: Cosmological constraints
In this section we present the one- and two-σ likelihood contours for the set of spectral parameters
{ns, a, f, nsk, nskk}1, plotted against the tensor to scalar ratio r, in three different cases of the model in
Eq. (1). In Sec. 3.1 we study the case when the parameters {a, f} are allowed to take any constant value
1We omit plotting the tensor index nt because in the assumed slow-roll regime it is linearly proportional to the tensor-
to-scalar ratio r, cf. Eq. (3).
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Figure 2: We show results for the full hybrid natural inflation model where f is related to a through Eq. (19). We show
1D and 2D posterior marginalized distributions of two sampling parameters {ns, r} and derived parameters {a, f, nsk, nskk}
using Planck+WMAP dataset (in blue), and the combination of both datasets (PL+WP+BP2, in red).
in the range 0 < a < 1 and f > 0; In Sec. 3.2 we look at the case of WNI , where we fix a = 1 a priori ;
and In Sec. 3.3 the case of f = 1 is studied. This is justified as a just realistic value for the symmetry
breaking parameter f .
3.1 Full Hybrid Natural Inflation
As introduced above, the HNI model features a as a free parameter taking any value in the interval
0 < a < 1. With the scale f allowed to take any given positive value, Fig. 2 shows the likelihood contours
which present no degeneracy between parameters. From the figure we can read a small running consistent
with nsk = 0, both in the analysis using Planck+WP data only and the combined Planck+WP+BICEP2
data. The results suggest that, when leaving f arbitrary, HNI shows no significant improvement over
WNI since f has to be bigger that one and the running uninterestingly small. More interestingly, the
Planck+WP+BICEP2 data favour a vanishing running but with a parameter a close to one (0.8) and
f ≈ 8 as shown in Table 1, instead of the small and always negative running of WNI with a = 1 and
larger f [25]. The preferred value of a approaching unity is close to the standard NI model.
3.2 Hybrid Natural Inflation with a = 1
The case a = 1 corresponds to a slight generalization of NI. Released from the requirement to end
inflation, aided by a waterfall field, we consider the special case of Waterfall Natural Inflation (WNI) (for
a recent study of the consistency of standard NI with CMB observations of Planck and BICEP2 see [25]).
The likelihood contours for this case are presented in Fig. 3. A certain degeneracy is observed between r
and the running parameter nsk when analysing the Planck+WP data alone. Such degeneracy is broken
when BICEP2 observations are added to the dataset. Additionaly, note that the area of overlap of both
datasets is marginally smaller than the previous case. Note that the preferred value of the symmetry
breaking scale f for WNI still lies above unity.
3.3 Hybrid Natural Inflation with f = 1
One of the main motivations for introducing the model of HNI [10, 11], where the end of inflation is
not triggered by the slow-rolling inflaton field but by a second waterfall field, is to release the parameter
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Figure 3: The figure shows the case a = 1 corresponding to a waterfall version of natural inflation. We show 1D and
2D posterior marginalized distributions of two sampling parameters {ns, r} and derived parameters {f, nsk, nskk} using
Planck+WMAP dataset (in blue), and the combination of both datasets (PL+WP+BP2, in red).
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Figure 4: We show 1D and 2D posterior marginalized distributions of two sampling parameters {ns, r} and derived
parameters {a, nsk, nskk} using Planck+WMAP dataset (in blue), and the combination of both datasets (PL+WP+BP2, in
red) for the f = 1 case. We notice a strong tension between the two data sets.
f from inflationary constraints and to have values equal or less than the Planck scale. Being f the scale
of (Nambu-Goldstone) symmetry breaking it is desirable not to surpass the Planck value as occurs in
ordinary NI, where the same field which produces inflation is also in charge of terminating it. What we
see from Fig. 4 is that HNI with f = 1 is consistent with Planck+WP data alone but, when taking running
through the BICEP2 dataset the overlap is almost vanishing. This evidences a strong tension between
the two datasets for the model. Also, a set value for the parameter f , means that the single degree of
freedom a determines the value of the other parameters. This is evident from the plots which reveal a
strong correlation between r and the rest of the spectral parameters. We analyse the consequences of
these results for the validity of the models in the next section.
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Figure 5: We show a summary of results for the hybrid natural inflation model by means of a 3D posterior distribution.
Colour code represents different values of nsk[10
−3] for Planck+WMAP (above) and for Planck+WMAP+BICEP2 results
(below) for the cases (from left to right): general, a=1 and f=1. The central values of these parameters are presented in
Table 1.
4 Consistency checks: f ≤ 1 and bounds on Primordial Black Holes
abundance
Let us now analyse the results presented above in terms of the self-consistency of the models and the
consistency with the constraints imposed by the null observations of primordial black holes. From Figs. 2
and 3, we immediately read that the model requires a symmetry breaking parameter f with a value well
above the Planck scale which we consider undesirable. Requiring that the scale f is at most f = 1, in
Planck units, we get Fig. 4 where we see that HNI is still compatible with the Planck+WP data. When
combined with the BICEP2 data however, we find that there is a strong tension between the two datasets
with an almost vanishing overlap. This is most evident from the combined data plotted in Fig. 5. To get
a handle of these results we present in Table 1 the mean values for the model parameters f and a as well
as for the observable tensor r, spectral index ns and running nsk for the three cases of HNI studied here.
When, for the case f = 1, we combine both datasets there is an additional constraint coming from
the possible over-production of primordial black holes (PBHs). The large positive value of the running
nsk in Fig. 4 (see also Fig. 1), could invert the red spectrum of scalar perturbations and induce, at small
scales, inhomogeneities with amplitudes ruled out by observations. Following the argument of [16], the
undesired amplitude for perturbations at which PBHs could be over-produced is Ps(N = 0) ' 103 (see
also Refs. [26, 27]). Since this is most likely to happen toward the end of inflation, when the number of
remaining e-folds of inflation is N ≈ 0, the inflaton field has the order of 50 or 60 e-folds to evolve from
the initial Ps = 10−9 to the PBHs overproduction value. The Taylor expansion of the power spectrum
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HNI f a r ns nsk
Case: general
PL+WP 4.5 0.60 < 0.09 0.96 −4× 10−5
PL+WP+BP2 8.0 > 0.42 0.14 0.96 < 1.6× 10−3
Case: a = 1
PL+WP 6.1 1 < 0.1 0.96 −3× 10−4
PL+WP+BP2 17.2 1 0.13 0.96 −7× 10−4
Case: f = 1
PL+WP 1 0.04 < 0.02 0.95 2× 10−3
PL+WP+BP2 1 0.09 0.05 0.92 1× 10−2
Table 1: We show approximate mean values and bounds for the model parameters f and a (when not fixed)
as well as for the tensor r, spectral index ns and running nsk for three cases of hybrid natural inflation
using Planck+WMAP data only (PL+WP) and Planck+WMAP+BICEP2 data (PL+WP+BP2). We
confirm that for the case of two free parameters {a, f}, HNI is no real improvement over a Waterfall
Natural Inflation model (i.e. the a = 1 case). The different values for r in these two cases essentially
correspond respectively to adjustments in a and f , and f alone, which however do not affect the spectral
index value. When we fix the scale of symmetry breaking f to one (in Planck units), we see that there
is a clear distinction between results. HNI is consistent with PL+WP data alone, but then becomes
disfavoured when PL+WP+BP2 data is considered.
around its observed value at Ni = 50 to 60 shows that
2,
ln
[ Ps(0)
Ps(Ni)
]
= (ns − 1)Ni + 1
2
nskN
2
i . (20)
In writing this equation we have ignored derivatives of the power spectrum at orders higher than two.
Such truncated expansions may seem incomplete to evaluate the amplitude of the spectrum, at about 50
e-folds away from observable scales, but they have been successfully employed to constrain undetermined
parameters (e.g. [28, 16, 17]). Our equation (20) is only a first approximation to establish a bound on the
undetermined value of the running nsk and therefore to constrain the predictions of HNI.
3
Upon substitution of values of Ps(0) that over-produce PBHs, we find that the left hand side should
not exceed the value of about 14. The right hand side then imposes a constraint on positive values of the
running. Substituting the values of Table 1 we see that the HNI model with f = 1 is restricted to values
of the running nsk < 0.0104, which practically excludes the central value of the parameter adjusting the
Planck+WP+BICEP2 data. Note that for this same model, the Planck+WP data yield a smaller value
of nsk ≈ 10−3, which is not excluded by the abundance of PBHs. Our calculation shows that, when the
BICEP2 data is interpreted as a signature of primordial gravitational waves, the model of HNI with
f = 1 would be discarded.
2Note that, to lowest order in slow-roll d/dN = −d/dk
3We have checked that the next order term in the expansion of Eq. (20), involving the parameter nskk, is subdominant
with respect to those appearing in the equation.
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5 Summary and conclusions
We find that when the scale of symmetry breaking f is left unrestricted, Hybrid Natural Inflation is
not essentialy different from natural inflation both favouring a small running consistent with a vanishing
value. The case where f = 1, however, is consistent with Planck+WP data alone but not when combined
with BICEP2 data. This is shown in Fig. 4 evidencing a strong tension between both data sets. Table 1
shows that when the Planck+WP+BICEP2 data is used, HNI with f = 1 is disfavoured since the
spectral index starts moving away from observed values. At the ultraviolet end of the spectrum, the
over-production of PBHs imposes a bound on the value of the running nsk . 0.01. This has also been
reported in previous works of single-field inflation: for running mass inflation [16] and for the more general
hilltop inflationary models [17]. The common feature shared by these models and HNI is that the slope of
the inflationary potential flattens toward the end of inflation, allowing for both a large number of e-folds
and an enhancement in the amplitude of field fluctuations.
Two comments are in place regarding the validity of constraints derived from BICEP2 and the bounds
to PBHs abundance. Recent observations [29] have raised doubts regarding the cleanliness of the BICEP2
data. Additionally, our results seem to support the argument that BICEP2 data at face value may be
incompatible with slow-roll inflation in general [30]. Thus, a conclusive analysis on the feasibility of
HNI awaits more data.
On the other hand, recent studies have shown that the formation of PBHs is not solely determined
by the amplitude of perturbations. Indeed, not all profiles of overdensities with a common amplitude will
get to form PBHs [31, 32], and the probability of formation might be significantly reduced, [33]. On the
other hand, the overproduction of PBHs at the end of inflation could trigger the subsequent reheating
period [34]. While this argument requires fine-tuning, it is worth exploring the final stages of inflation
since, in addition to the analysis above, a waterfall field, like the one expected to end inflation in the
models studied here, is likely to produce PBHs copiously at the end of inflation [35]. We leave the study
of these possibilities for future work.
In conclusion, our results show that when we force HNI to desirable values of the symmetry breaking
parameter, the f = 1 case is compatible with Planck+WP-only data but not when combined with BICEP2
since a smaller spectral index ns is favoured and over-production of PBHs at the end of inflation occurs.
This disagreement is not yet ruling out the f = 1 scenario given that the polarisation data from Planck
[29], indicates that the signal detected by BICEP2 may be completely due to galactic dust. A forthcoming
cross-correlation of the data from both experiments will reveal the nature of the BICEP2 observations.
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